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On the Constraint Structure of Vacuum Energy Sequestering
Andrew Svesko and George Zahariade
Department of Physics and Beyond: Center for Fundamental Concepts in Science
Arizona State University, Tempe, Arizona 85287, USA
We carry out the Hamiltonian analysis of the local vacuum energy sequestering model – a man-
ifestly local and diffeomorphism invariant extension of general relativity which has been shown to
remove the radiatively unstable contribution to the vacuum energy generated by matter loops. We
find that the degravitation of this UV sensitive quantity is enforced via global relations that are a
consequence of the model’s peculiar constraint structure. We also show that the model propagates
the proper number of degrees of freedom and thus locally reduces to general relativity on-shell.
I. INTRODUCTION
Observations indicate that the cosmological constant
is nonzero [1, 2], however, we have no clear argument
which explains its observed scale within the framework
of quantum field theory; in fact the disagreement between
the theoretical and experimental values is often quoted as
being more than 60 orders of magnitude. More precisely,
by virtue of the equivalence principle, the vacuum energy
of all the fields present in the Standard Model gravitates
and behaves just like a cosmological constant. However,
like any UV sensitive quantity, its value is not computable
since it is formally divergent. Instead it needs to be
renormalized through the addition of a bare term and
the resulting physical quantity measured. The problem
lies in the fact that the observed value of the cosmolog-
ical constant requires a very exact cancellation between
the finite part of the regularized vacuum energy at every
loop order in perturbation theory [3, 4]. This radiative
instability constitutes one of the most important open
problems of modern physics and is known as the cosmo-
logical constant problem [5–7].
Recently [8–10] it was shown that a slight modification
of general relativity provides a consistent mechanism for
degravitating the radiatively unstable part of the vac-
uum energy generated by matter loops. The basic idea
is to decouple the matter vacuum energy from gravity by
adding two rigid variables without any local degrees of
freedom, namely, the bare cosmological constant Λ, and
the bare Planck mass κ. These global degrees of freedom
are interpreted as Lagrange multipliers enforcing global
constraints. The mechanism, dubbed vacuum energy se-
questering, is described by a non-additive and non-local
action which, in Jordan frame, reads
S=
∫
d4x
√−g
[
κ2
2
R − Λ− Lm(gµν ,Φ)
]
+σ
(
Λ
µ4
)
, (1)
where the global interaction term σ is outside the in-
tegral, µ is a mass scale near the quantum field theory
cutoff and Φ corresponds to the matter fields of the Stan-
dard Model. To see how the mechanism works we vary
the above action with respect to the global variables to
obtain
∫
d4x
√−g = σ′/µ4 and ∫ d4x√−gR = 0 which,
when plugged into Einstein’s equations leads to
Λ =
1
4
〈T µµ〉 , (2)
where 〈. . . 〉 ≡ ∫ d4x√−g(. . . )/ ∫ d4x√−g is a spacetime
averaging operator (sometimes dubbed historical aver-
aging) and Tµν is the energy-momentum tensor. With
this equation, the vacuum energy is seen to drop from
Einstein’s equations. Indeed if Tµν = −Vvacgµν + τµν ,
where Vvac is the vacuum energy and τµν describes local
excitations, then
κ2Gµν = τµν − 1
4
〈τρρ〉gµν . (3)
Note that this cancellation happens independently of the
loop order in the perturbative expansion of Vvac. The
price to pay for this cancellation is a non-local, residual
cosmological constant
Λres =
1
4
〈τµµ〉 , (4)
which is nevertheless radiatively stable.
A manifestly local and diffeomorphism invariant for-
mulation of this mechanism was proposed in [11–13] by
upgrading the rigid variables Λ and κ2 to local fields, and
replacing the global interaction with local expressions en-
forcing the on-shell rigidity of κ2(x) and Λ(x). The basic
idea consists in using 4-form terms, reminiscent of uni-
modular gravity models [14]. The resulting action is
S =
∫
d4x
√
g
[
κ2(x)
2
R− Λ(x)− Lm(gµν ,Φ)
]
+
∫ [
σ
(
Λ(x)
µ4
)
F + σˆ
(
κ2(x)
M2P
)
Fˆ
]
,
(5)
where
F =
1
4!
Fµνλσdx
µdxνdxλdxσ , (6)
with Fµνλσ = 4∂[µAνλσ], and analogous expressions hold
for Fˆ . These two 4-forms introduce gauge symmetries
that render Λ and κ2 constant on-shell. The functions
σ and σˆ are two smooth functions which are in principle
2completely arbitrary1. The field equations
κ2Gµν = (∇µ∇ν − gµν)κ2 + Tµν − Λgµν ,
σ′
µ4
Fµνλσ =
√
gǫµνλσ ,
σˆ′
M2P
Fˆµνλσ = −1
2
R
√
gǫµνλσ ,
σ′
µ4
∂µΛ = 0 ,
σˆ′
M2P
∂µκ
2 = 0 , (7)
are entirely local. Again, to see how the vacuum energy
degravitates in this setup, we trace out the gravitational
field equations and average them over all of spacetime,
which leads to
Λ =
1
4
〈T µµ〉+∆Λ , (8)
where
∆Λ = −µ
4
2
κ2σˆ′
M2Pσ
′
∫
Fˆ∫
F
, (9)
Substituting this result into the Einstein equations yields
κ2Gµν = τµν − 1
4
〈τρρ〉gµν −∆Λgµν . (10)
The additional ∆Λ contribution is completely arbitrary,
but radiatively stable once κ2 is fixed to be MP . Key
to this radiative stability is the fact that the 4-form
fluxes
∫
Fˆ ,
∫
F (defined on the boundary of spacetime)
are purely IR quantities that are fixed by some extrinsic
process and insensitive to the UV details of the matter
sector theory. Let us stress here that neither the origi-
nal sequestering model nor its local version take graviton
loop corrections into account (though a further modifi-
cation of (5) has been shown to resolve the divergence
originating from these graviton loops [15]).
In this work we aim to perform a Hamiltonian anal-
ysis of the local vacuum energy sequestering model (5),
and uncover the constraint structure of the theory. An
analysis of the constraint structure was previously given
in [16], however, we further show how the system of con-
straints sheds new light upon the different global rela-
tions that enforce the degravitation of the matter sector
vacuum energy. We will also verify that this theory has
the same local and global degree of freedom count as
Einstein gravity.
The layout of the paper is as follows. After we develop
and analyze a toy model exhibiting many of the features
of the local vacuum sequestering model in Section II, we
perform an ADM split and determine the Hamiltonian of
action 5 in Section III. In Section III we also carry out
the complete Hamiltonian analysis of the model where we
interpret (8) as a peculiar kind of global constraint, and
verify that, on-shell, the local sequestering model cannot
be distinguished from general relativity. We summarize
our results and discuss plans for future work in Section
IV .
1 σ and σˆ are required to be non-linear to ensure that the problem
is non-degenerate.
II. TOY MODEL
A. Action and Equations of Motion
We begin by studying a 0 + 1 dimensional toy model
that mimics most of the relevant aspects of the local se-
questering mechanism. Its action is given by
S=
∫ T
0
dt
(
−1
2
mqq¨ − (λ+ F )q +f
(
λ
λ0
)
η˙ + g
(
m
m0
)
ρ˙
)
+
[
1
2
mqq˙
]T
0
, (11)
In the context of the gravitational sequestering mecha-
nism, m(t) and λ(t) correspond to the dynamical Planck
mass squared and, respectively, the cosmological con-
stant, η(t) and ρ(t) are the analogs of the 3-forms and
their values are fixed at the boundary2, q(t) encodes the
metric degrees of freedom and F (t) is an external force
whose value is highly dependent on the effective descrip-
tion of its sources (in other words it is hard to compute
analytically). The functions f and g are assumed to be
regular, smooth and non-linear in λ and m, respectively,
and are the analogs of σ and σˆ in (5). The boundary term
can be understood as a Gibbons-Hawking-like term nec-
essary for the well-posedness of the variational principle
given the presence of second order time derivatives in the
action. We will provide a simpler physical description of
our toy model momentarily.
The equations of motion are found by varying action
(11). The variation with respect to η and ρ imposes that
the λ and m are constants of motion
λ˙ = m˙ = 0 . (12)
Variation with respect to λ, m and q yields
−q + 1
λ0
f ′η˙ = 0 , (13)
−1
2
qq¨ +
1
m0
g′ρ˙ = 0 , (14)
−mq¨ − m˙q˙ − 1
2
m¨q − (λ+ F ) = 0 . (15)
Using the constancy of m, the latter equation reduces to
−mq¨ − (λ+ F ) = 0 . (16)
We are now in a position where we can see that our
toy model exhibits the sequestering-like behavior. Indeed
suppose the force F (t) contains a constant term Fdiv that
is formally divergent and that would infinitely backreact
on the q degree of freedom: F = Fdiv + F¯ . Integrating
2 Note that this assumption does not spoil the well-posedness
of the variational principle since one can still impose Dirichlet
boundary conditions on the variation of η and ρ.
3Eqs. (13) and (14) and using the constancy of λ and m,
we get
∫ T
0
dtq =
1
λ0
f ′ (η(T )− η(0)) , (17)
∫ T
0
dtqq¨ = 2
1
m0
g′ (ρ(T )− ρ(0)) . (18)
Multiplying Eq. (16) by q and integrating then yields
−m
∫ T
0
dtqq¨ − λ
∫ T
0
dtq −
∫ T
0
dtqF = 0 , (19)
which, upon using (17) and (18), reduces to
− λ = 〈F 〉+ 2mλ0g
′
m0f ′
(ρ(T )− ρ(0))
(η(T )− η(0)) . (20)
The first term in equation (20) is the historic average of
the source F (t) i.e. 〈F 〉 ≡ ∫ T0 dtqF/ ∫ T0 dtq. It is easy to
see that 〈F 〉 = Fdiv+ 〈F¯ 〉 and therefore Eq. (16) reduces
to
mq¨ = −(F¯ + λres) , (21)
where λres is a residual constant whose value only de-
pends on the fixed boundary values of ρ and η and which
is given by
− λres = 〈F¯ 〉+ 2mλ0g
′
m0f ′
ρ(T )− ρ(0)
η(T )− η(0) . (22)
We thus see that the problematic term Fdiv has com-
pletely dropped out of the equation of motion for q hav-
ing been replaced by a finite residual value.
Now that we have found a simpler model exhibiting
many of the features of vacuum energy sequestering, let
us provide a physical interpretation. Consider the one
dimensional problem of a charged point particle of mass
m and charge e moving in a uniform electric field. We
call z the spatial dimension. Suppose the uniform field is
created by two superposed conducting planes situated at
z = 0 and extending indefinitely in the orthogonal x and
y dimensions, each having a uniform surface charge den-
sity. Suppose further that one of the conducting planes
is made of a material that is perfectly characterized (and
thus has an exactly known surface charge density) while
the other has characteristics that are extremely sensitive
to its microscopic details. The action for this model can
be written as
S =
∫ T
0
dt
(
1
2
mz˙2 − (λ+ F )z
)
, (23)
where λ and F represent the electrostatic forces sourced
by the perfectly, and respectively imperfectly, character-
ized materials. The lack of information about F can,
for example, be the result of taking the infinitely thin
limit of a finite thickness material with a wildly non-
uniform charge density3. If we were to cut a thin slice
into our conducting slab we could measure its effective
surface charge density, however, an analytic prediction of
the value of F would depend on the microscopic details of
this cutoff and a calculation would lead to an unphysical
divergence.
To separate out and account for the divergence, we
modify the action (23) by upgrading the known charge
density λ and mass of the particle m to the status of dy-
namical variables. We then ensure the newly promoted
variables λ and m are constants of motion by adding
“gauge-fixing” terms η and ρ. The modification we de-
scribe is equivalent to our toy model (11). A Lagrangian
analysis would lead us to a global condition on λ and m
analogous to the one in (20). This acts like a constraint
on the bare quantitiesm and λ, and therefore leads to the
renormalization of the mass and charge of the particle.
We also point out that residual (renormalized) values λ
and m are not determined via global conditions such as
(20), but rather they are measured quantities. We will
come back to this point in the next subsection.
On shell our toy model describes a particle moving in
a one-dimensional renormalized linear potential. We will
now proceed to do a Hamiltonian analysis of this model in
order to exactly determine its physical degree of freedom
count and obtain further insight into the nature of the
global condition (20).
B. Hamiltonian and Hamilton’s Equations
Here we reexamine our toy model from a Hamiltonian
point of view and discuss its peculiar constraint struc-
ture. We first point out that our Lagrangian (11) may
be written as
L =
1
2
mq˙2 +
1
2
m˙qq˙ − (λ+ F )q + f
(
λ
λ0
)
η˙ + g
(
m
m0
)
ρ˙ .
(24)
The canonical momenta are then given by
p =
∂L
∂q˙
= mq˙ +
1
2
m˙q , πm =
∂L
∂m˙
=
1
2
qq˙ , (25)
πη =
∂L
∂η˙
= f(λ) , πρ =
∂L
∂ρ˙
= g(m) , πλ =
∂L
∂λ˙
= 0 .
We immediately notice that these equations do not allow
us to solve for all the velocities in terms of the canoni-
cal momenta, which means we are in the presence of a
3 A somewhat academic example is obtained by using the charge
density ρ(z) = sin(1/z)/z2 for z positive. If the infinite plane
corresponds to ǫ1 ≤ z ≤ ǫ2 with ǫ1, ǫ2, |ǫ1 − ǫ2| ≪ 1 then we can
easily see that the effective surface charge density is extremely
sensitive to the values of ǫ1, ǫ2.
4constrained system. Indeed, only m˙ and q˙ can be solved
for:
m˙ =
2
q
(
p− 2mπm
q
)
, q˙ =
2πm
q
. (26)
We therefore follow the usual Dirac procedure [17, 18] for
dealing with constrained Hamiltonian systems by treat-
ing the remaining velocities as Lagrange multipliers ℓη,
ℓρ and ℓλ. The Hamiltonian for our toy model then reads
H = pq˙ + πmm˙+ ℓλπλ + ℓηπη + ℓρπρ − L
=
2πm
q
(
p− mπm
q
)
+ (λ+ F )q (27)
+ℓλπλ + ℓη(πη − f) + ℓρ(πρ − g) ,
and Hamilton’s equations follow immediately
λ˙ = ℓλ , m˙ =
2
q
(
p− 2mπm
q
)
,
π˙λ = −q + 1
λ0
f ′ℓη , π˙m =
2π2m
q2
,
p˙ =
2πm
q2
(
p− 2mπm
q
)
− (λ + F ) , q˙ = 2πm
q
,
ρ˙ = ℓρ , η˙ = ℓη , π˙ρ = π˙η = 0 , (28)
Naturally, combining Eqs. (28) leads to the Euler-
Lagrange equations (12)–(16). However since this is a
constrained Hamiltonian system not all of these equa-
tions are independent. To count the number of physi-
cal degrees of freedom of our system and interpret the
global condition (20), we must determine its exact con-
straint structure in a systematic manner. We perform
this analysis in the next subsection.
C. Constraint structure
For convenience, we divide our Hamiltonian (27) into
a canonical contribution and a term which depends on
constraints:
H = HC + ℓiϕi , (29)
where
HC ≡ 2πm
q
(
p− mπm
q
)
+ (λ+ F )q , (30)
ℓiϕi ≡ ℓλπλ + ℓη(πη − f) + ℓρ(πρ − g) , (31)
and i runs over the set {λ, η, ρ}. Each of the constraints
ϕi is primary, i.e., it appears explicitly in the Hamilto-
nian. Let us then check to see whether any of our con-
straints give rise to secondary constraints i.e., whether
their conservation during time evolution further restricts
the dimension of phase space4. Defining the Poisson
4 By “phase space” we mean the space of physical motions [17],
i.e., the constraint manifold.
bracket of two functions F , G of the canonical variables
qi, pi by
{F,G} ≡
∑
i
(
∂F
∂qi
∂G
∂pi
− ∂F
∂pi
∂G
∂qi
)
, (32)
the conservation of ϕλ leads to
ϕ˙λ = {ϕλ, H} = −q + 1
λ0
f ′ℓη ≈ 0 . (33)
where the weak equality symbol ≈ denotes equality up to
a linear combination of the constraints. Similarly, con-
servation of ϕη and ϕρ lead to
ϕ˙η = {ϕη, H} = − 1
λ0
f ′ℓλ ≈ 0 , (34)
and
ϕ˙ρ = {ϕρ, H} = 2
m0q2
g′ (2πmm− pq) ≈ 0 . (35)
respectively. This shows that only ϕρ gives rise to a sec-
ondary constraint
χ ≡ pq − 2mπm ≈ 0 , (36)
since (33) and (34) seemingly determine the Lagrange
multipliers ℓλ and ℓη in terms of the canonical variables
(but we will come back to this point below). Notice that
Eqs. (34) and (36) in conjunction with the first two equa-
tions in (28) immediately imply that λ˙ = m˙ = 0.
We now have to check whether χ gives rise to a tertiary
constraint. It turns out it does not since
χ˙ = {χ,H} = −(λ+ F )q − 2m
m0
g′ℓρ ≈ 0 , (37)
and this relation determines ℓρ in terms of the canonical
variables. Altogether we have three primary constraints
ϕλ, ϕη, ϕρ and one secondary constraint χ. Note that
all of these constraints are second class5.
This is however not the whole story. Despite the fact
that Eqs. (33) and (37) are not constraints per se, they do
not determine the Lagrange multipliers ℓη and ℓρ com-
pletely. Indeed, since the functions η and ρ are given
fixed values at the boundary,
∫
dtℓη = η(T ) − η(0) and∫
dtℓρ = ρ(T )− ρ(0) are already predetermined. There-
fore, keeping in mind that λ and m are constants of mo-
tion, integrating Eqs. (33) and (37) yields
1
λ0
f ′(η(T )− η(0)) ≈
∫ T
0
dtq , (38)
−2m
m0
g′(ρ(T )− ρ(0)) ≈ λ
∫ T
0
dtq +
∫ T
0
dtF . (39)
5 Recall that a constraint is said to be first class if its Poisson
brackets with all of the other constraints vanish weakly. It is
said to be second class if it is not first class.
5These two truly global conditions can be regarded as
constraining the conserved quantities λ and m teleolog-
ically6, in the sense that a phase space trajectory that
doesn’t saturate them is forbidden post-factum. In the
following we will call such global consistency conditions
teleological constraints since they do reduce the dimen-
sion of phase space by relating different conserved quan-
tities to each other, albeit not in the usual way (wherein
constraints reduce the number of initial conditions one
can independently set). Although these teleological con-
straints do not set the values of λ or m they may be
understood as enforcing a renormalization condition as
in Eq. (22)
We are now in a position to count the physical de-
grees of freedom of our system. Naively, we have twelve
phase space degrees of freedom for this system, coming
from the following canonical pairs of phase space coor-
dinates: (q, p), (m,πm), (η, πη), (ρ, πρ) and (λ, πλ). As
we have seen above, there are however a certain number
of constraints that reduce the dimension of phase space.
The true number of physical degrees of freedom Nphys is
usually given by
Nphys = NT −NSC − 2NFC , (40)
where NT denotes the total naive number of phase space
degrees of freedom, NSC the number of second class con-
straints, and NFC the number of first class constraints.
For our toy model we have NT = 10, NSC = 4, and
NFC = 0. Therefore,
Nphys = 6 . (41)
In summary, we are left with six propagating degrees of
freedom: two coming from the particle motion (corre-
sponding to the canonical pair (q, p)), one for each of
the bare λ and m, as well as two more corresponding to
the functions η and ρ. However λ and m are constants
of motion on-shell and, moreover, the teleological con-
straints (38) and (39) completely restrict their possible
values. As for η and ρ, their values are fixed at the bound-
ary from the get go so they do not have any dynamics.
We are therefore left with only two degrees of freedom
corresponding to the motion of a massive particle in a
renormalized linear potential.
Now that we have worked out the Hamiltonian struc-
ture of this simple toy model of the vacuum energy se-
questering mechanism, let us move on and extend this
analysis to the gravitional action (5).
III. HAMILTONIAN ANALYSIS OF LOCAL
VACUUM ENERGY SEQUESTERING
To do the Hamiltonian analysis of the sequestering
6 At lest as long as η(T ) 6= η(0) and ρ(T ) 6= ρ(0). We restrict
ourselves to this very generic case.
model (5), we proceed in the usual way by performing an
ADM split of spacetime, constructing the total Hamil-
tonian and studying its constraint structure. Since we
have promoted κ2 to a field κ2(x), the sequestering ac-
tion shares similarities with Brans-Dicke theories of grav-
ity, and therefore we may perform an analysis analogous
to, e.g., [19]. Notice that our analysis proceeds from a
slightly different starting point then the one in [16] but
leads to equivalent results.
The ADM split is as follows. The four dimensional
spacetime manifold M is foliated by spacelike hypersur-
faces Σt which define the time coordinate t and are en-
dowed with spatial coordinates yi, allowing us to deter-
mine the canonical momenta. Recall that [20]
g00 = −N2 +N iN jhij , g0i = Nkhki , gij = hij ,
g00 = − 1
N2
, g0i =
N i
N2
, gij = hij − N
iN j
N2
,
√−g = N
√
h , Kij =
1
2N
(h˙ij − 2D(iNj)) , (42)
where hij is the three metric living on the constant time-
slices Σt, Kij is its associated extrinsic curvature, Di the
covariant derivative with respect to hij
7 and N , N i are
the lapse and shift, respectively. The latter are related
to the time flow vector ta by ta = Nna + Na, where na
is a normalized timelike vector normal to Σt. Note that
we will follow the usual custom of raising and lowering
indices from the middle of the alphabet with the three-
metric hij .
For concreteness we will restrict the matter sector to
be a massive scalar field and thus we take
Lm(gµν , φ) = −1
2
gµν∂µφ∂νφ− V (φ) . (43)
We can now recast action (5) in a form that is more
conducive to a Hamiltonian analysis i.e.
S =
∫
dt L =
∫
dt
∫
d3y L , (44)
where
L ≡ Lgrav + Lm + Lτ + Lτˆ , (45)
7 When acting on a weight w even tensor density tijk...,
the covariant derivative Dlt
ijk... is defined by Dlt
ijk... ≡√
h
w
Dl
(√
h
−w
tijk...
)
.
6and
Lgrav =N
√
h
[
κ2
2
(R(3) +KijK
ij −K2)− Λ
+
hij
N
(DiN)(Djκ
2)− K
N
(
κ˙2 −N iDiκ2
)]
, (46)
Lm = N
√
h
[
1
2N2
φ˙2 − N
i
N2
φ˙∂iφ
−1
2
(
hij − N
iN j
N2
)
(∂iφ)(∂jφ)− V (φ)
]
, (47)
Lτ = σ
(
Λ
µ4
)
(τ˙ + ∂iτ
i) , (48)
Lτˆ = σˆ
(
κ2
M2P
)
( ˙ˆτ + ∂iτˆ
i) . (49)
Here and henceforth a dotted quantity refers to the direc-
tional derivative with respect to the ADM time. We have
also suppressed a Gibbons-Hawking-like term which is
technically required in order to have a well-defined vari-
ational principle at the boundary of spacetime. In the
above expressions, Λ and κ are local scalar fields, τµ and
τˆµ are vector densities related to the 3-forms A and Aˆ
by τµ = 4ǫµνρσAνρσ and τˆ
µ = 4ǫµνρσAˆνρσ.
We can now see that the spatial metric conjugate mo-
mentum is
πij ≡ δL
δh˙ij
=
∂L
∂h˙ij
=
κ2
2
√
h(Kij − hijK)
−
√
hhij
2N
[κ˙2 −N iDiκ2] , (50)
where the functional derivative is generically defined for
any functional F(f) by the relation
δF (f) ≡
∫
dy
δF(f)
δf(y)
δf(y). (51)
Similarly we would get
πκ2 = −
√
hK, (52)
πφ = N
√
h
(
φ˙
N2
− N
i
N2
∂iφ
)
, (53)
πτ0 = σ
(
Λ
µ4
)
, πτˆ0 = σˆ
(
κ2
M2P
)
. (54)
Notice that while we cannot solve these equations for all
the velocities in terms of the canonical momenta, we do
however obtain expressions for h˙ij , κ˙2 and φ˙ viz.
φ˙ =
N√
h
πφ +N
i∂iφ , (55)
κ˙2 = N lDlκ
2 − 2N
3
√
h
χ , (56)
h˙ij =
4N
κ2
√
h
{
Gijklπ
kl +
1
6
hijχ
}
+ 2D(iNj) , (57)
where we have introduced the so-called super-metric
Gijkl ≡ Gklij = hikhjl − 1/2hijhkl and the quantity
χ ≡ hijπij − κ2πκ2 . (58)
We can now define the Hamiltonian density by analogy
with our toy model Hamiltonian (28) by treating every
unsolved for velocity as a Lagrange multiplier:
H ≡ πij h˙ij + πφφ˙+ πκ2 κ˙2 − L
+ ℓNπN + ℓNiπNi + ℓΛπΛ
+ ℓτ iπτ i + ℓτˆ iπτˆ i + ℓτ0πτ0 + ℓτˆ0πτˆ0 . (59)
Substituting the Lagrangian densities (46)–(49) and the
velocities (55)–(57) into the Hamiltonian density (59),
and performing an integration by parts, we are led to
H= NH0 +N iHi + ℓΛπΛ + Ciτ i + Cˆiτˆ i
+ ℓτ0
[
πτ0 − σ
(
Λ
µ4
)]
+ ℓτˆ0
[
πτˆ0 − σˆ
(
κ2
M2P
)]
+ ℓNπN + ℓNiπNi+ ℓτ iπτ i+ ℓτˆ iπτˆ i
+boundary term . (60)
Here we have introduced the super-Hamiltonian H0 and
super-momentum Hi,
H0 ≡ 2
κ2
√
h
Gijklπ
ijπkl −
√
h
(
κ2
2
R(3) − Λ
)
+
1
3κ2
√
h
χ2 −Di[hij
√
hDjκ
2]
+
√
h
(
π2φ
2h
+
1
2
hij(∂iφ)(∂jφ) + V (φ)
)
, (61)
Hi ≡ πκ2Diκ2 − 2hijDkπjk + πφ∂iφ . (62)
and
Ci ≡ ∂iσ
(
Λ
µ4
)
, Cˆi ≡ ∂iσˆ
(
κ2
M2P
)
. (63)
Note that Hamilton’s equations resulting from the
above Hamiltonian density, are consistent with the defini-
tion of the Lagrange multipliers viz., ℓN = N˙ , ℓNi = N˙
i,
ℓΛ = Λ˙, ℓτ0 = τ˙
0, ℓτˆ0 = ˙ˆτ
0, ℓτ i = τ˙
i and ℓτˆ i = ˙ˆτ
i.
Lastly, we will assume the boundary term in our total
Hamiltonian density (60), explicitly given by
−∂i
(
σ
(
Λ
µ4
)
τ i
)
− ∂i
(
σˆ
(
κ2
M2P
)
τˆ i
)
+Di[h
ijN
√
hDjκ
2 + 2πijhjkN
k] , (64)
can be absorbed via a relevant Gibbons-Hawking-like
boundary term and will therefore disregard it from now
on.
With these definitions at hand, we can now proceed to
determine the constraint structure of the theory.
7A. Constraint Structure
We begin by integrating out ℓN , ℓNi , ℓτ i and ℓτˆ i to ob-
tain the reduced Hamiltonian
H′ =NH0 +N iHi + ℓΛπΛ + Ciτ i + Cˆiτˆ i
+ ℓτ0
[
πτ0 − σ
(
Λ
µ4
)]
+ ℓτˆ0
[
πτˆ0 − σˆ
(
κ2
M2P
)]
.(65)
In this new set-up, N,Ni, τi and τˆi are mere Lagrange
multipliers8. We will take the reduced Hamiltonian (65)
to be the starting point of our constraint analysis.
It is easy to see that we have nine independent primary
constraints. The first seven are
H0 ≈ Hi ≈ πΛ ≈ 0 ,
ϕτ0 ≡ πτ0 − σ
(
Λ
µ4
)
≈ 0 ,
ϕτˆ0 ≡ πτˆ0 − σˆ
(
κ2
M2P
)
≈ 0 . (66)
The relationships Ci ≈ Cˆi ≈ 0 naively seem to give six ad-
ditional primary constraints, however, only two of them
are independent because of identities such as ∂iCj = ∂jCi,
and ∂iCˆj = ∂j Cˆi. Notice that these last two constraints
are equivalent to ∂iΛ ≈ ∂iκ2 ≈ 0 and thus reduce Λ
and κ2 to the status of global dynamical variables, i.e.,
independent of the spatial coordinates.
We now check whether these primary constraints give
rise to secondary constraints. Doing this involves cal-
culating the Poisson brackets of the primary constraints
with the HamiltonianH ≡ ∫ d3yH. We do so by defining
the Poisson bracket of two arbitrary functions of phase
space A and B as
{A,B} ≡
∑
i
∫
d3x
(
δA
δqi
δB
δpi
− δA
δpi
δB
δqi
)
, (67)
where the functional derivative has been defined in Eq.
(51).
The requirement that Cˆi be conserved during time evo-
lution i.e.
˙ˆCi = {Cˆi, H} = 2Nσˆ
′
3M2P
√
h
χ ≈ 0 , (68)
where χ is defined in Eq. (58), leads to the secondary
constraint
χ = hijπ
ij − κ2πκ2 ≈ 0 . (69)
This turns out to be the only secondary constraint of
the model. Note that (69) and ∂iκ
2 ≈ 0 forces κ˙2 ≈ 0
8 The fundamental reason we are able to do this reduction is that
πN ≈ πNii ≈ πτ
i
i ≈ πτˆ
i
i ≈ 0 are first class constraints, so each
eliminate one canonical pair.
according to Eq. (56). Similarly φ˙τ0 = {ϕτ0 , H} ≈ 0
implies that ℓΛ = Λ˙ ≈ 0.
The chain of constraints stops here since the Poisson
bracket of the above constraints with the reduced Hamil-
tonian either is zero on the constraint surface or deter-
mines Lagrange multipliers in terms of dynamical vari-
ables.
Just like in our toy model, however, not all relation-
ships between dynamical variables and Lagrange multi-
pliers arising from the evolution of the constraints deter-
mine the Lagrange multipliers completely. For example,
π˙Λ = {πΛ, H} ≈ 0 gives
N
√
h ≈ 1
µ4
σ′
(
Λ
µ4
)
(∂iτ
i + ℓτ0) , (70)
while χ˙ = {χ,H} yields
N
κ2
√
h
Gijklπ
ijπkl − 1
4
N
√
hκ2R(3) − 3
2
N
√
hΛ
+
1
2
N
√
h
(
3π2φ
2h
− 1
2
hij∂iφ∂jφ− 3V (φ)
)
≈ κ
2
M2P
σˆ′
(
κ2
M2P
)
(∂iτˆ
i + ℓτˆ0) , (71)
where we have used (69) to simplify the expressions. (70)
and (71) are not constraints per se, since they could in
principle be used to solve for the Lagrange multipliers ℓτ0
and ℓτˆ0 . However since ℓτ0 = τ˙
0 and ℓτˆ0 = ˙ˆτ
0, and the
functions τ0, τ i and τˆ0, τˆ i are given fixed values at the
boundary,
∫
dtd3y
(
∂iτ
i + ℓτ0
)
and
∫
dtd3y
(
∂iτˆ
i + ℓτˆ0
)
are already predetermined. Therefore, the integrated
forms of (70) and (71) will lead to two new teleological
constraints. Indeed using H0 ≈ Hi ≈ 0, the constancy of
Λ and κ2, and integrating over spacetime we arrive at∫
dtd3yN
√
h ≈ 1
µ4
σ′
∫
dtd3y
(
∂iτ
i + ℓτ0
)
, (72)
Λ
∫
dtd3yN
√
h ≈ 1
4
∫
dtd3y
(
T0
0 + Ti
i
)
− κ
2
2M2P
σˆ′
∫
dtd3y(∂iτˆ
i + ℓτˆ0) ,(73)
where
T 00 ≡ − 1
2h
π2φ −
1
2
hij(∂iφ)(∂jφ)− V (φ)
−πφN
i∂iφ
N
√
h
, (74)
T ii ≡
3π2φ
2h
− 1
2
hij∂iφ∂jφ− 3V (φ) , (75)
are related to the matter energy density and pressure as
measured by a stationary observer. Note that Eqs. (72)
and (73) only depend on gauge invariant global quanti-
ties and thus can really be considered as restricting the
allowed trajectories of the system in phase space.
8It is easy to see that by combining (72) and (73) we
also recover the global relation (8)
Λ ≈ 1
4
〈T µµ〉 − κ
2µ4
2M2P
σˆ′
σ′
∫
dtd3y(∂iτˆ
i + ℓτˆ0)∫
dtd3y(∂iτ i + ℓτ0)
, (76)
B. Counting Degrees of Freedom
Having worked out the system of constraints, let us
now count the number of Hamiltonian degrees of free-
dom. Naively, the phase space degrees of freedom for our
reduced system are: (i) 12 degrees of freedom coming
from (hij , π
ij), (ii) 2 from the matter sector (φ, πφ), (iii)
4 from the sector of fundamental constants, (κ2, πκ2) and
(Λ, πΛ), and (iv) the vector density sector degrees of free-
dom, specifically 2 from (τ0, πτ0), as well as an additional
2 from their hatted counterparts.
Altogether this would correspond to 11 (local) canon-
ical pairs, or a phase space dimension of 22. However
many of these degrees of freedom are auxiliary fields
whose dynamics are completely set by the constraint
equations computed in the previous section. More pre-
cisely, the primary constraints
πΛ ≈ H0 ≈ Hi ≈ ϕτ0 ≈ ϕτˆ0 ≈ 0 , (77)
and secondary constraint
χ ≈ 0 , (78)
each eliminate one degree of freedom i.e. 8. Recall how-
ever that the primary constraints
Ci ≈ Cˆi ≈ 0 (79)
only eliminate 2 degrees of freedom and moreover incom-
pletely: they leave 2 global dynamical variables uncon-
strained.
However, our model possesses three gauge symmetries:
the familiar diffeomorphism invariance, as well as the two
A→ A+dB, Aˆ→ Aˆ+dBˆ invariances of the form sector.
Therefore a subset of the above constraints must be first
class. To see this we first shift the constraints H0, Ci and
Cˆi in the following way9:
H′0 ≡ H0 +
µ4
σ′
ϕτ0 +
M2P
κ2σˆ′
[
1
κ2
√
h
Gijklπ
ijπkl
−1
4
√
hκ2R(3) − 3
2
√
hΛ +
1
2
√
hT ii
]
ϕτˆ0 , (80)
C′i ≡ Ci + ∂iϕτ0 = ∂iπτ0 , (81)
Cˆ′i ≡ Cˆi + ∂iϕτˆ0 = ∂iπτˆ0 . (82)
9 We may determine the appropriate shifts by following the
method outlined by Henneaux and Teitelboim in [17], and exem-
plified in [16]. This involves solving for the Lagrange multipliers
ℓτ0 and ℓτˆ0 using our expressions for π˙Λ (70) and χ˙ (71), and
substituting back into the reduced Hamiltonian (65).
It is then straightforward, albeit tedious, to check that
H′0, Hi, C′i and Cˆ′i are first class constraints i.e., that
their Poisson brackets with all the constraints vanish on-
shell10. ThereforeH′0 andHi actually eliminate 8 degrees
of freedom instead of just 4, while C′i and Cˆ′i eliminate 4
degrees of freedom incompletely and not just 2.
We are thus left with 6 local degrees of freedom (cor-
responding to the gravitational and matter propagating
modes) and 4 global ones, namely Λ, κ2,
∫
d3y τ0 and∫
d3y τˆ0. But τ0 and τˆ0 have no dynamics since their
boundary values are completely specified, while Λ and κ2
are constants on-shell and their values are set by the two
global teleological constraints (72) and (73) (as long as
the boundary terms are non-zero). This reduces the final
number of physical degrees of freedom to Nphys = 6. In
summary, we have six local propagating degrees of free-
dom, four coming from the gravitational field and two
from the matter sector of a single real scalar field. This
confirms that our theory propagates the same number of
degrees of freedom as general relativity on-shell. How-
ever it enjoys the additional property that the Planck
mass and cosmological constant obey the teleological con-
straint (76) which enforces the degravitation of the vac-
uum energy loops. This may be a sign of the self-tuning
properties of the theory [22].
IV. CONCLUSION
In this article we provided a Hamiltonian analysis of a
manifestly local and diffeomorphism invariant modifica-
tion to general relativity which, under minimal assump-
tions, has been shown to remove the radiatively unstable
contribution to the cosmological constant due to the vac-
uum energy generated by matter loops [8–13]. To illus-
trate the mechanism of vacuum energy sequestering, we
developed a toy model with most of the relevant features,
and demonstrated that the removal of unphysical diver-
gences in the vacuum energy emerges as a global con-
dition as a consequence of what we termed teleological
constraints. We proceeded with the Hamiltonian analy-
sis of the gravitational model and revealed that, unseen
in the Lagrangian based analysis, the Hamiltonian con-
straints conspire to degravitate the matter sector vacuum
energy. Our analysis also confirmed that the proposed
model of vacuum energy sequestering is indistinguishable
from general relativity on-shell. Note in particular that
the evolution problem is well-posed in the gravitational
sector despite the global nature of the residual cosmolog-
ical constant.
10 Specifically, the constraint algebra for our model is similar to that
of general relativity, as presented in [21], e.g., {H′
0
(y),Hi(y′)} =
∂i(H′0(y)δ(y−y′)) ≈ 0. Meanwhile, χ has weakly vanishing Pois-
son brackets with (80)–(82), e.g., {χ(y),Hi(y′)} = ∂i(χ(y)δ(y −
y′)) ≈ 0, but not with ϕτˆ0 , and it is therefore second class.
9The cancellation of the vacuum energy in the seques-
tering mechanism is enforced by two approximate sym-
metries of the theory [9]: (i) a shift symmetry Lm →
Lm + ν4, Λ → Λ − ν4, where ν is a constant, and (ii)
a scaling symmetry of κ2. While these two symmetries
cancel the unphysical divergence coming from the matter
sector loops, the fact that the scaling symmetry is bro-
ken at finite Planck mass MP implies that divergences
arising from the graviton sector loops will not be can-
celled in the sequestering theory described by (5). To
deal with the graviton loops, it was proposed in [15] to
modify the action (5) by adding a Gauss-Bonnet contri-
bution RGB = R
2− 4R2µν +R2µνρσ, which only alters the
topological sector in four dimensional spacetime, leav-
ing local phenomena unaffected. Then, by introducing
a Gauss-Bonnet coupling θ and upgrading it to an aux-
iliary field θ(x), it was shown that this improved model
can sequester all large contributions from graviton loops
sourced by the Einstein equations. We believe it would be
interesting to provide a Hamiltonian analysis of this mod-
ified sequestering model, and leave this to future work.
Having performed a Hamiltonian analysis of the se-
questering model, it is also natural to try to quantize
the theory. This may be accomplished by either follow-
ing the canonical approach [21] where Poisson brackets
are upgraded to Dirac brackets, or using a Hamiltonian
path integral analysis, as has been performed in [16]. Fol-
lowing the path integral techniques developed in [16], it
would be interesting to study how the sequestering model
differs from general relativity on a quantum level, and see
if this can shed light on the problem of time in quantum
gravity, as attempted in models of unimodular gravity
[23, 24]. We leave these questions for future study.
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